In this work we investigate the influence of self-affine roughness on the friction coefficient of a rubber body onto a solid surface at high speeds. The roughness is characterized by the rms amplitude w, the correlation length , and the roughness exponent H. It is shown that the friction coefficient decreases with increasing correlation length and increasing roughness exponent H for sufficiently large correlation lengths. However, for small correlation lengths the opposite behavior takes place because the system is within the strong roughness limit or equivalently average local surface slopes larger than 1. Moreover, direct plots of the friction coefficient as a function of the roughness exponent H indicate that as the correlation length decreases, a maximum of the friction coefficient develops. The latter is followed by a continous increment of the friction coefficient with increasing H and decreasing .
I. INTRODUCTION
The friction properties associated with a rubber body sliding onto a hard solid surface are important from the fundamental and technological point of view. The latter includes the car industry (e.g., tire construction, wiper rubber blades), cosmetic industry etc. [1] [2] [3] [4] The low elastic modulus of rubbers and the high internal friction over a wide range of frequencies makes them different from other solids. 2, 5 Sliding, however, onto real solid surfaces occurs predominantly on rough surfaces with some or even significant degrees of randomness. 6, 7 In this case, the surfaces usually possess roughness over various length scales rather than a single one, which has to be taken carefully into account in contactrelated phenomena as that of adhesion and friction. 5 The friction force between a rubber body and a hard rough solid substrate has two major contributions that are called hysteric and adhesive. 1 In general, adhesion is the result of molecular bonding between the two surfaces in contact. If the bond strength is the same at all bond sites, the friction force that resists sliding will be proportional to the total area of contact. The adhesive component is important for clean and relative smooth surfaces, 5 which will not be the case here. The hysteric component arise from the oscillating forces that the surface asperities exert onto the rubber surface, leading effectively to cyclic deformations and energy dissipation due to internal frictional damping. 5 As a result the hysteric contribution will have the same temperature dependence as that of an elastic complex modulus E͑͒ (Ref. 5). In addition, depending on the sliding velocity, the low elastic modulus of rubbers leads to instabilities (that produce detachment waves) at high sliding velocities and relatively smooth surfaces (Schallamach waves 1 ). This case will be excluded here.
In general, if rubber body slides with velocity V over a sinousoidal rough surface with period L, then it will feel fluctuating forces with frequencies Ϸ V / L. The contribution of surface roughness to the friction coefficient f at a length scale L is maximum for the frequency Ϸ V / L, which is located in the transition regime between rubber (low ) and glass (high ) behavior [ Fig. 1(a) ]. 5 Therefore for a random surface with a wide distribution of length scales L, it will be present a wide distribution of frequency components in the Fourier decomposition of the surface stresses acting on the sliding rubber. 5 Figure 1(a) shows the general velocity dependence of the rubber coefficient of kinetic friction. 5 After the glassy region for high velocities, f saturates to a constant value when wear and local heating effects are ignored. 5 Indeed, it was found that the friction coefficient f to scale as f ϳ w / H (Ref. 5) with w the rms roughness amplitude and the inplane roughness correlation length. The latter expression indicates that the friction coefficient f decreases with increasing roughness exponent H, and/or increasing correlation length (assuming fixed rms roughness amplitude w).
The result of Persson 5 at high sliding velocities was derived by means of a power-law approximation for the selfaffine roughness spectrum, which is valid for lateral wavelengths q Ͼ 1 with the in-plane roughness correlation length. On the other hand, the present work concentrates on the effect of roughness including contributions from roughness wavelengths q ഛ 1, and performing more accurate calculations of the friction coefficient f in order to account for more details as a function of the self-affine roughness parameters w, , and H. The latter will be possible in terms of analytic forms for the roughness spectrum in Fourier space that facilitate exact calculation also of the local surface slope, which is an essential quantity in the theory proposed by Persson to describe rubber friction on rough surfaces. 
II. THEORY OF FRICTION AT HIGH SLIDING VELOCITY
For a rubber body of Young modulus E and Poisson ratio that slides on a rough solid surface with velocity V, the frictional shear stress along the sliding axis [e.g., the x axis, Fig. 1(b) ] is given by 5
C͑q͒ is the Fourier transform of the autocorrelation function C͑n͒ = ͗h͑r ជ͒h͑0͒͘ with h͑r ជ͒ the surface roughness height ͑͗h͘ =0͒. ͗…͘ is an ensemble average over possible roughness configurations. M zz is the z component of the tensor that relates the surface stress along the z direction with the corresponding displacement assumed equal to h͑r ជ͒ (Ref. 
͑2͒
with q x = q cos and the axis between sliding x axis and wave vector q ជ = ͑q x , q y ͒ on the xy plane. is the rubber mass density. Substitution of Eq.
The lower limit of integration is q L =2 / L with L the size of the nominal contact area ͑L ӷ ͒, and the upper limit of inte- 
Although, at high sliding velocities the rubber is in the glassy region where c L can be treated as constant (independent of frequency), for a real system wear and high local temperatures at the rubber/solid interface have to be taken also into account.
In the high velocity limit or G͑q͒ Ͼ 1, one should employ the expansion sin x = ͚ n=0,ϱ ͑−1͒ n x 2n+1 / ͑2n +1͒! in Eq. (4), which yields 
.
͑6͒
For very high velocity or G͑q͒ ӷ 1, the first-order term of Eq. (6) yields
Therefore, the coefficient of friction given by Eq. (7) is independent of the sliding velocity V (by neglecting also temperature effects and wear processes). 5 This is the result of the presence of the factor P͑q͒ because otherwise the friction coefficient would grow linearly with the sliding velocity V. Moreover, Eq. (7) shows that the higher-order terms (n Ͼ 1 in the expansion) decay as inverse power law ͑ϳV −2n ͒ of the sliding velocity.
III. RESULTS AND DISCUSSION
As Eqs. (4)- (7) indicate, in order to calculate the coefficient of friction f the knowledge of the roughness spectrum C͑q͒ is necessary. A wide variety of surfaces/interfaces are well described by a kind of roughness associated with selfaffine scaling, 7 for which C͑q͒ scales as a power-law C͑q͒ ϰ q 
with T q = ͑1+aq 2 2 ͒ and T L = ͑1+aq L 2 2 ͒. Equation (9) furthers the calculations of the friction coefficient f . For the limiting cases H = 0 and H = 1 one has to employ the identity ln͑x͒ = lim c→0 ͑1/c͒͑x c −1͒. Therefore, we obtain
͑11͒
Moreover, since C͑q͒ ϰ w 2 , Eq. (7) yields for the friction coefficient (at high velocities) the simple dependence f ϰ w, while any complex dependence will arise solely from the roughness parameters H and . If, however, we consider higher-order terms from Eq. (6), then the dependence on w is more complex. Indeed, the n-order term yields a contribution ϳw 1−n . If, however, we consider for the factor P͑q͒ the interpolation form 5 P͑q͒ = ͕1+͓G͑q͔͒ 3/2 ͖ −1/3 , then the friction coefficient is given by the more complex expression
which indicates a more complex dependence on the roughness amplitude w. Furthermore, as Fig. 2(a) indicates the friction coefficient f decreases with increasing correlation length or decreasing roughness ratio w / (for rms roughness amplitude w fixed) due to surface smoothing at large lateral roughness wavelengths. However, the relative decrement of the friction coefficient increases with increasing roughness exponent H or smoother surfaces at short wavelengths. Clearly the influence of the roughness exponent H on f is more significant at larger correlation lengths .
Nonetheless, a peculiar behavior for the friction coefficient f develops for small roughness exponents H ͑Ͻ0.3͒ as Fig. 2(b) indicates. Indeed, for correlation lengths Ͻ 200 nm (or w / Ͼ 0.01) the friction coefficient f is lower in magnitude for smaller roughness exponents H, while the opposite behavior takes place for larger correlation lengths . Moreover, the variation of the friction coefficient is faster for larger roughness exponents H in the small correlation length regime (or w / Ͼ 0.05).
If we examine the direct dependence of the friction coefficient f on the roughness exponent H then we also observe a nontrivial behavior. Clearly for rougher surfaces at large wavelengths or smaller correlation lengths , the friction coefficient f has a maximum as a function of the roughness exponent H as Fig. 3(a) clearly indicates. The maximum position, however, shifts to lower roughness exponents H with increasing correlation length . The magnitude of the maximum weakens drastically and disappears for very weak roughness (or w / Ӷ 1) as Fig. 3(b) indicates. Moreover, the presence of a maximum at moderate correlation lengths indicates a multivalued behavior of f with respect to the roughness exponent H.
If we reduce further the correlation length , the friction coefficient f increases with increasing roughness exponent H [ Fig. 4(a)] . The latter appears rather contraintuitive, as it points against the notion that the rougher the surface the higher the friction coefficient. The latter is shown in Figs. 2 and 3 after the position of the maximum. However, the presence of the maximum, in Fig. 3(a) and the continuous increment of the friction coefficient f for small correlation lengths as in Fig. 4(a) are taking place within the strong roughness limit ͉ ٌ h͉ Ͼ 1. The latter is well quantified in terms of the local surface slope rms = ͱٌ͉͗h͉ 2 ͘ or
which as Fig. 4(b) indicates is rather large ( rms Ͼ 1; strong roughness) for small correlation lengths and small roughness exponents ͑H Ͻ 0.5͒. The latter is responsible for the behavior shown in Figs. 4(a) and 3. Therefore, in the limit of strong roughness ͑ rms Ͼ 1͒ as a function of the lateral correlation length , there is a limiting value of o below that the friction coefficient f increases with increasing roughness exponent H. At any rate, this is the result of the presence of the contact factor P͑q͒ in Eq. (3) that effectively yields the friction coefficient f . If the contact factor P͑q͒ is set equal to unity then not only f would increase with increasing sliding velocity V, but also would follow the behavior of the average local slope rms with respect to the self-affine roughness parameters w, , and H [ Fig. 4(b) ]. Finally, we should point out that in actual situations besides adhesive and hysteric friction, the rubber produces traction forces through tearing and wear. As deformation stresses and sliding speeds increase (e.g., tires in racing cars), the local stress can exceed the tensile strength of the rubber especially near the point of a sharp irregularity. The high local stress can deform the internal rubber structure beyond the point of elastic recovery. Indeed, when polymer bonds and cross-links are stressed to failure the material can no longer recover completely, leading to tearing. The latter absorbs energy and results in additional friction forces within the contact surface. Wear processes is the ultimate result of tearing.
IV. CONCLUSIONS
In summary, the coefficient of kinetic friction f at high sliding velocities of rubbers onto solid substrates can be strongly influenced by the roughness characteristics (in the absence of wear and local heating processes). It is shown that the friction coefficient decreases with increasing correlation length and increasing roughness exponent H for significantly large correlation lengths. For sufficiently small correlation lengths the opposite behavior takes place since the system is within the strong roughness limit or equivalently local surface slopes larger than 1. The complexity of the situation is revealed in direct plots of the friction coefficient as a function of the roughness exponent H. For large correlation lengths the friction coefficient decreases with increasing H. However, as the correlation length decreases, a maximum occurs followed by a continuous decrement of the friction coefficient with deceasing H and .
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APPENDIX
In the more general case of lower sliding velocities one must use Eq. (1) for M zz , the more general expression of which Eq. (2) is a limiting case. 5 In this case, if we define S = ͑ 2 c T −2 −2q 2 ͒ 2 +4q 2 PP with P = ±͑ 2 c T −2 − q 2 ± j͒ 1/2 , P = ±͑ 2 c L −2 − q 2 ± j͒ 1/2 , (where is an infinitesimal positive number and Ϯ corresponds, respectively, to positive and negative frequencies ), transverse and longitudinal sound velocities, respectively, by c T 2 = E͓2͑1+͔͒ −1 and c L 2 = E͑1 − ͓͒͑1−2͒͑1+͔͒ −1 , the tensor M zz along the z direction is given by 
